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Abstract 

When free vortices are present in the pseudogap region of under- 
doped cuprates, it is shown that conventional Anderson-Higgs mech- 
anism does not work because the Goldstone field is not an analytic 
function. However, after decomposing the Goldstone field into lon- 
gitudinal and transverse components, we find that the former can 
be eliminated by a special gauge transformation and the gauge field 
becomes massive, but the latter persists in the theory in any case. 
Thus we obtain an extended Anderson-Higgs mechanism which ex- 
hibits completely new physics comparing with the conventional one. 
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Spontaneous symmetry breaking, which occurs when an invariance of the 
Hamiltonian of a physical system is not an invariance of its ground state, 
is one of the most important concepts in modern physics [1]. According to 
the well-known Goldstone theorem [2] , for every spontaneously broken global 
continuous symmetry there must be a massless particle called Goldstone bo- 
son. If we include both local gauge invariance and spontaneous symmetry 
breaking in the same theory, after a particular gauge transformation the 
Goldstone bosons disappear and the gauge bosons become massive. This 
mechanism [3,4] is usually called Anderson- Higgs mechanism which plays 
significant roles in both particle physics and condensed matter physics. One 
simple theory that exhibits the Anderson-Higgs mechanism is the Ginzburg- 
Landau phenomenological model of superconductivity [5] . When an Abelian 
gauge field is introduced the phase of the Ginzburg-Landau order parameter 
(the Goldstone boson) can be eliminated by an appropriate gauge transfor- 
mation and the photon absorbs the phase and acquires a nonzero mass, which 
is interpreted as the Meissner effect in superconductivity. In performing this 
gauge transformation one crucial requirement is that the phase of the order 
parameter be an analytic function of space-time variables. This requirement 
is no doubt satisfied if we assume the phase is unique. However, this as- 
sumption may be too strict. Actually, the generally adopted assumption is 
that the order parameter is single-valued, which allows the phase either to 
be unique or to change by multiples of 27r after going around some closed 
path, depending on whether the superconductor is simply connected or not. 
In the former case we can always choose a gauge to reduce the phase to zero, 
but in the latter case it is impossible to do so, as we will show in the context. 
Therefore the conventional Anderson-Higgs mechanism does not apply to a 
multiply connected superconductor. 



2 



A superconductor may be multiply connected when it has geometrical 
holes in it or it, being a type-II superconductor, is in the Schubnikov state. 
Underdoped cuprates provide the third kind of multiply connected supercon- 
ductors, in which the holes are caused by thermal phase fluctuations rather 
than mechanical means or strong external magnetic flelds. As argued by 
Emery and Kivelson [6], underdoped cuprates, being doped Mott insulators 
with low superconducting carrier density and a relatively small phase stiff- 
ness, will undergo a Berezinskii-Kosterhtz-Thouless (BKT) [7,8] transition at 
some temperature Tbkt, well below the temperature scale T* where the elec- 
tron pairs arc broken. At temperatures between Tbkt and T*. free vortices 
appear as the topological excitations of phase fluctuations and destroy the 
long-range phase coherence among the pairs. In this region, called pseudogap 
region [9] , the phase of the order parameter becomes a singular function and 
hence can not be eliminated by any gauge transformation. 

In this Letter, we concentrate on the third kind of multiply connected 
superconductors and, in the pseudogap region, look for a substitute for the 
conventional Anderson- Higgs mechanism. It is known from the theory of 
BKT transition [10] that in the presence of free vortices the phase of the 
order parameter or the Goldstone boson in the Ginzburg-Landau model can 
be resolved into longitudinal and transverse components which are analytic 
and singular, respectively. Taking advantage of this fact, in this Letter we 
show that the longitudinal component can be eliminated by a special gauge 
transformation but the transverse component persists anyway. As a result, 
although the gauge fleld acquires a nonzero mass after absorbing the longi- 
tudinal component of the Goldstone boson, the equation for magnetic fleld 
does not exhibit Meissner effect. Thus, we obtain an extended Anderson- 
Higgs mechanism which exhibits completely new physics comparing with the 
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old Anderson-Higgs mechanism. 

We begin our discussion with the following Ginzburg-Landau model in 
two space and one time dimensions 

>C = -\f,.F^^ + ^D,<t> {D^<Pr - a \<pf -^\<P\\ (1) 

where the complex scalar field cf) is the order parameter and D^ = d^ — 2ieA^ 
is the covariant derivative. Here m is the effective mass of a electron. The 
gauge field tensor F^i, = d^A^ — d^A^ as usual. For a > the system stays 
in its symmetric phase and for o; < vacuum degeneracy and symmetry 
breaking take place, while the coefficient (3 is always positive according to 
the Landau phase transition theory (note that it differs from BKT transition 
in most aspects). 

The Lagrangian (1) is invariant under the local U(l) gauge transformation 

A^^A^- d^e (2) 

4> e^-V, (3) 

where 6 {x) is an arbitrary coordinate-dependent function. 
In the symmetry breaking case, the ground state occurs at 



(0) = 00 = s^— ^ 0. (4) 

Expanding the Lagrangian (1) around this ground state, we write the scalar 
field as 

(/.(x) = (0o + r/(x))e^^(-), (5) 

where r] [x) and 9 {x) are the amplitude and phase fluctuations of the order 
parameter, respectively. Substituting the expression (5) into the Lagrangian 
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(1), we get 

+7^ (00 + {d^O - 2eA^) {8^9 - 2eA'^) , (6) 
4m 

where V{(f)) = —a {cpf — | l^l'^ . The phase field 9 (x), which enters the La- 
grangian only through its gradient form, represents the massless Goldstone 
boson arising from symmetry breaking. Its appearance is a natural con- 
sequence of the spontaneous breakdown of a continuous symmetry [2] and 
seems to be a serious obstacle for the search of broken symmetry in nature 
because it has never been observed. However this obstacle may be overcomed 
if we introduce gauge invariance into the theory. Using the gauge invariance, 
we are able to adopt a special gauge (called the London gauge) to formally 
remove the phase 9 (x) from the theory. In particular, letting 

A,^A, + ^^d,9, (7) 

we have 

C = A(^d,A, + ^^d^dJ-d,A^-y^d,d^9^ 

X ( df'A" + —d''d''9 - d^A^ - —d''d''9 
V 2e 2e 

{d^vd^T]) + V{<Po + v) + - (00 + vf A^M\ (8) 
4m m 

For a simply connected superconductor, the phase 9 {x) is an analytic 
function and it satisfies the equation 

d^dj - d,d^9 = 0, (9) 

so the first term of (8) can be written as the orig inal form \F^^F>'''. Now we 
see that the massless Goldstone boson is removed completely by the gauge 
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transformation (7) and the photon becomes massive. Note that the degrees 
of freedom of the theory does not decrease because the gauge field acquires a 
massive component which can be seen as another guise of the Goldstone bo- 
son. This is the conventional Anderson-Higgs mechanism which prevents the 
occurrence of the annoying massless Goldstone boson in an unexpected man- 
ner. Its generalization to non-Abelian groups provides a framework for the 
unified theory of the weak and electromagnetic interactions of the elementary 
particles. 

On the other hand, for a multiply connected superconductor, in the vicin- 
ity of holes or vortices the superfluid velocity = 2^ V6' is not irrotational, 

V X 7^ 0. (10) 

It is obvious that in this case Eq.(9) is not satisfied. So, the first term of 
(8) can not be written as ^F^^F'^". This is the reason why in a multiply 
connected superconductor it is impossible to choose a gauge where (x) is 
real. However in the pseudogap region of underdoped cuprates, the phase 9 
can be decomposed into two parts [10] 

e = ea + e,, (ii) 

with 9a the analytic spin wave (longitudinal) component and 9^ the singular 
vortex (transverse) component. The longitudinal and transverse components 
of 9 have the properties [10] 

VxV9a = 0, (12) 
VxV9^^ 0. (13) 

It is a well-known fact that the longitudinal and transverse components can 
be separated completely and there are no crossover terms in the action of the 
phase. 
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Now, using equation (11)-(13) and the fact that the longitudinal and 
transverse components of 6 are independent of each other, we can make the 
following special gauge transformation 

A^^A^ + ^^d^9a. (14) 

Since Eq.(12) tells us that df^dyOa — d^d^Oa = 0, we have 



+- (00 + r]f \a^a^ + ^d^e.d^e, - -A^d^e, 

m L 4e^ e . 



(15) 



It can be seen from the Lagrangian that the longitudinal component da is 
absorbed by the photon while the transverse component survives the gauge 
transformation (14). This may be understood as follows, although a mass- 
less photon can eat up the longitudinal component of 9 to become massive, 
a massive photon can not eat anything more. Comparing with the case of 
simply connected superconductors, the Lagrangian (15) has one more degree 
of freedom corresponding to the topological excitation of the phase. There- 
fore, in addition to a mass term for gauge field, the theory also consists of a 
kinetic energy term for 8^9.,, and an interaction term of gauge field and 8^9 v. 
Thus, we obtain an extended Anderson-Higgs mechanism, which plays the 
same role in the pseudogap region of underdoped cuprates as the conventional 
Anderson-Higgs mechanism does in simply connected superconductors. The 
last two terms of (15) come from the singular vortex component of the phase 
and represent all unusual physics of the new mechanism. 

That the longitudinal component of 9 can be absorbed by the photon 
means that the longitudinal phase fluctuations are suppressed by electro- 
magnetic fields, in both superconducting state and pseudogap state. This 
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is in agreement with Millis and coworkers [11] who arrived at the same re- 
sults based on field-theoretical perturbation techniques. On the other hand, 
since the transverse component of the phase still exists in the theory, it is 
reasonable to expect the transverse phase fluctuations be responsible for the 
unusual properties observed in pseudogap region [12]. 

Next we would hke to derive the equation of the gauge held. For sim- 
plicity, we consider only a single vortex located at position x=0 with vortex 
charge q = 1- The generalization to the case of multiple vortices and higher 
charges is straightforward. From the Lagrangian (15) we derive the equations 
for A (neglecting the fluctuations of the amplitude r] around the ground state) 
as follows 

V^A - /xA = CV^^, (16) 

where /i — —ae^/mP and ( — ae/m(5. In deriving the above equation, 
we have used the equaUty V • V^^, = 0. The equation for A without the 

inhomogeneous term is just the equation of the massive photon. In the case 
of a singly quantized vortex, the curl of the gradient of transverse component 
can be written as 

Vx V^„ = |^z5(x), (17) 
where z is a unit vector perpendicular to the plane. Since 

VxV^A=V^(V X A) = V^B (18) 

we obtain the equation for magnetic fleld 

V2B-/.B=C^z5(x). (19) 

When the inhomogeneous term in the right-hand side of (19) is absent, we 
get the usual London equation which leads to the exponentially decaying 
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behavior of the magnetic field in a superconductor and \J\/ 11 = —ae^ jm^i 
is the penetration depth. The inhomogeneous term on the right-side of hands 
changes significantly this behavior and prevents the occurrence of Meissner 
effect and superconductivity in the pseudogap region. Equation (19) tells us 
that in the place far from free vortices the Meissner effect still exists and 
magnetic field can not penetrate the material deeply. This is qualitatively 
agreement with the recent experiments [13,14]. 

It should be emphasized that, although calculations based on detailed 
dynamical models are needed in quantitatively understanding high- Tc su- 
perconductors, we believe the extended Anderson- Higgs mechanism is more 
appropriate in explaining many material-independent properties including 
the suppression of longitudinal phase fiuctuations by electromagnetic field 
at all temperatures, the dominance of transverse fiuctuations in pseudogap 
region and the absence of Meissner effect in pseudogap region. 

In conclusion, in this Letter we have obtained an extended Anderson- 
Higgs mechanism which works in the pseudogap region of underdoped cuprates 
Firstly, in the presence of free vortices caused by strong thermal phase fiuc- 
tuations, wc show that the Goldstone field can not be eaten up by the photon 
and hence conventional Andcrson-Higgs mechanism is not applicable. How- 
ever, since the vortices arc related to a BKT transition, we can resolve the 
Goldstone field into longitudinal and transverse components which are inde- 
pendent degrees of freedom. Then we show that the longitudinal component 
can be eliminated by a special gauge transformation while the transverse 
component of the phase stays in the theory owing to its singularity. As a re- 
sult, the gauge field acquires not only a finite mass but also a direct coupling 
to the transverse superfiuid velocity. We beheve that this interaction can 
bring new physics [15] and hence deserves more detailed investigations. We 



9 



also discuss the implication of the extended Anderson-Higgs mechanism and 
explain qualitatively several experimental facts observed in the pseudogap 
region. From the Lagrangian (15) we derive the equation for gauge field. It 
is different from that of the usual massive photon in that it has an inhomoge- 
neous term, so in this region complete Meissner effect and superconductivity 
are not present. 

Although till now we have been discussing the physics of superconductors, 
the applications of the Ginzburg-Landau model with U(l) gauge field are not 
restricted to superconductors. For example, in the context of hadron physics 
Nielsen and Olesen [16] suggested the Lagrangian (1) be a possible field 
theory that may contain a dual string structure, but they did not discuss 
the possibility of the decomposition (11) of the phase. It would be a very 
interesting task to find more physical systems where the decomposition (11) 
may be possible other than the underdoped cuprates discussed in this paper. 
Since vortices and transitions of BKT type are present in many systems, we 
believe the extended Anderson-Higgs mechanism is a general phenomenon in 
nature. 

One of the authors (G.C.) is supported by the National Science Founda- 
tion in China. 
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